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Abstract. In a series of papers ([2, 3, 4]) the relations existing between the 
metric properties of Randers spaces and the conformal geometry of stationary 
Lorentzian manifolds were discovered and investigated. These relations were 
called in [i] Stationary-to- Randers Correspondence (SRC). In this paper we 
focus on one aspect of SRC, the equality between the index of a geodesic 
in a Randers space and that of its lightlike lift in the associated conformal 
stationary spacctimc. Moreover wc make some remarks about regularity of 
the energy functional of a Finsler metric on the infinite dimensional manifold 
of curves connecting two points, in connection with infinite dimensional 
techniques in Morse Theory. 



1. Introduction 

Let S' be a manifold of dimension n and R — \fh + be a Randers metric on 
S. To (S*, i?) we associate a one-dimensional higher manifold M = S" x R endowed 
with the bilinear symmetric tensor 

g = h-{i^^Atf. (1) 

The condition on the norm of cj ensuring that i? is a positive definite function on TS*, 
i.e (wp(i;))^ < hp{v,v) for all v € TpS and for all p G S, makes g a non-degenerate 
symmetric bilinear form of index 1, that is a Lorentzian metric on 5* x M. 

Let t be the natural coordinate on R. The vector field i9t = ^ on 5* x M is 
timelike at any point (i.e. gp{dt,dt) < 0, for all p e M) and it is a Killing vector 
field for g. A Lorentzian manifold admitting a timelike Killing vector field is called 
stationary (see for instance [12, p. 119]) and whenever the timelike Killing vector 
field is irrotational is said static. 

For any fixed p G S, the function R{p,-): TpS [0, +oo) arises as the non- 
negative solution of the equation in the variable r 

hp{v,v)~{ujp{v)~Tf =0. (2) 

Eq. (2) and t > are the conditions that a future pointing lightlike vector {v, t) e 
TpS X R has to satisfy by definition. 

We recall that a Lorentzian manifold {M,g) is said time- oriented if it admits 
a smooth timelike vector field Y . In particular a stationary Lorentzian manifold 
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is time-oriented by one of its timelike Killing vector field. A vector v £ TpM is 
said future pointing (resp. past pointing) if gp{v,Y) < (resp. gp{v,Y) > 0) and 
lightlike if gp{v,v) = 0. Analogously, a smooth curve 7: [a,b] M is said future 
pointing, past pointing, lightlike iff its velocity vector field is future pointing, past 
pointing, lightlike. Observe that if (w,t) is past pointing and lightlike then r is 
equal to the non-positive solution of (2) and — r is equal to the Randers metric 
obtained reversing R, that is — r = R{p, —v). 

In analogy with a terminolgy used for static spacetimes (cf. [9, p. 360]) a 
stationary Lorentzian manifold (A/, g) is said standard if it is isometric to a product 
manifold 5 x E endowed with the metric 



where go, w and P are respectively a Riemannian metric, a one-form and a positive 
function on S. The conditions defining future pointing lightlike vectors on (M, g) 
define now the non-negative function on TS 



Whatever the one- form w is, the norm of w/P with respect to the Riemannian 
metric 



is less than 1 and thus R is a Randers metric. 

Since Eq. (2) is invariant under conformal transformations of the metric g, the 
same Randers metric R is associated to the conformal class of g. Conversely a 
Randers space (S, R) individuates the conformal standard stationary Lorentzian 
manifold {S xR,h-{uj- dt)'^). 

The bijcction between Randers spaces and conformal standard stationary Loren- 
tzian manifolds has been called in [4] Stationary- to- Randers correspondence (SRC) 
and it has been used in [2] and in [4] to study their causal structure. 

One of the basic observation about SRC is that there is a one-to-one correspon- 
dence between lightlike geodesies of the conformal standard stationary Lorentzian 
manifold and the geodesies of the associated Randers space. Going into more detail, 
we mention that lightlike geodesies on a Lorentzian manifold are invariant under 
conformal changes of the metric in the sense that if 7: [0, 1] — > M is a lightlike 
geodesic of (A/, g) then 7 is a pregeodesic of Xg for any positive function A, i. e. 
there exists a reparametrization a: [0, 1] — > [0, 1] such that 7 o cr is a lightlike geo- 
desic of {M, Xg) (see for example [8, p. 14]). We consider now a conformal standard 
stationary Lorentzian manifold {S x R, g) and we take as representative of the class 
the metric h — {ui — dt)^, where h is equal to (4) and uj = w/f3. If z{s) = {x{s), t{s) 
is a future pointing lightlike geodesic of {S xM., h — {uj — dt)'^) then (see [2, Theorem 
4.5] a; is a geodesic of the Randers space {S, R), R ^ \fh + parametrized with 
h(x,x) = const. The fact that x has to be parametrized with constant Riemannian 
speed can be seen recalling that g{z, i) = and, since dt is a Killing vector field, 
g{z, dt) = u!{x) — t = const, thus also h{x, x) has to be constant. 

The other way round, a geodesic x = x{s) in {S, R) can be lifted to a future 
pointing lightlike curve on 5 x R by taking 



go + w(^dt + dt®w- /3di^, 



R = V90/P + (w/P)^ + w//3. 



(3) 



h = go/f3+{w/(3)^ 



(4) 




(5) 
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If X is parametrized with constant Riemannian speed, its future pointing lightlike 
lift is a lightlike geodesic of (5 x R, /i — (a; — dt)^). 

The same relation holds between geodesies of the reversed metric v) = 
R{x, —v) and past pointing Hghthke geodesic of {S x R,h — {uj — dt)^). 

In Section 2 of this note, we focus on one aspect of SRC that is the equality 
between the index of a geodesic in the Randers space (S, R) and the index of its 
future pointing lightlike lift in {S x R, h — {lu — dt)^). 

An immediate consequence of this equality (which holds also for a geodesic of the 
reversed Randers metric R and the corresponding past pointing lightlike geodesic 
of {S X M., h — {uj — dt)^)), is that the index of a lightlike geodesic is a conformal 
invariant for standard stationary Lorentzian manifolds. This gives an alternative 
proof to a well known fact which holds for any conformal Lorentzian manifold (see 
for example [S, Theorem 2.36]). 

Another consequence of this equality is that the Morse theory for future pointing 
lightlikc geodesic connecting a point p = (p, to) to an integral line of the timclike 
Killing vector field dt passing through the point q ~ {q,to)., can be reduced to the 
Morse theory for geodesies connecting the points p and q in the associated Randers 
space. 

Altough Morse theory for geodesies connecting two points on a Finsler manifold 
(A/, F) can be developed by using finite dimensional approximations of the path 
space by broken geodesies (see [Id]), infinite dimensional techniques in Morse theory 
can be adapted to work in the Sobolev manifold flp^q{M) of the curves connect- 
ing the points p and q. The main problem in regard to this approach is the lack of 
twice Frechet differentiability of the energy functional E oi a Finsler metric at any 
critical point, with respect to the 77^-topology. Anyway E has enough regularity 
to get a version of the Splitting Lemma which allows us to compute the critical 
groups and to obtain the Morse relations (see [:]]). In Section 3 we illustrate what 
is the problem in trying to prove that E is twice Frechet diffcrentiable with respect 
to the i/^-topology and we will extend to the Finsler case a recent argument by 
A. Abbandondandolo and M. Schwartz [1] showing that a smooth time dependent 
Lagrangian L : [0, 1] x TM M. which is subquadratic in the velocities and whose 
action functional is twice Frechet diffcrentiable at a regular curve on the Sobolev 
manifold n{M) of all the curves on AI must be a polynomial of degree at most 
two in the velocity variables along the curve. This fact can be seen as an infinite 
dimensional version of the well known property that if the square of a Finsler metric 
is on the whole TM then actually it is the square of the norm of a Riemannian 
metric. 

2. The equality between the indexes 

Let M be a Lorentz or a Finsler manifold. Let 7 be a geodesic on M. By /x(7) 
we denote the index of 7, that is the number of conjugate points along 7 counted 
with their multiplicity. The equality between p.{x), where 2; is a geodesic of the 
Randers space (S*, R), and fJ-{z), where z is the future pointing lightlike lift of x in 
{S X R, g = h — (ui — dt)"^), can be carried out by comparing the Jacobi equation of 
X in {S,R) with the Jacobi equation of z in (S* x M, ft, — (oj — dt)^), as done in [3, 
Theorem 3.2]. 

Here we give a different proof based on a comparison of the Morse index of 
the energy functional of the Randers metric at x and the Morse index at z of the 
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functional introduced by Uhlenbeck in [11]: 



Jo 



(6) 



Here a belongs to the set of piecewise differentiable curves on x M, satisfying the 
constraint g{&, &) ~ and the boundary conditions a{0) = p £ S x R, cr(l) G ^K), 
where l{s) is an integral line of the Killing vector field dt {p ^ l(R)) and P : S' x R — > 
M is the natural projection on R. 

The critical point of J are the lightlike geodesies connecting p to Z(R). Moreover 
J admits second variation at any critical point. A critical point is non degenerate 
if and only if its endpoints are non-conjugate. The Morse index of a critical point 
is finite and it is equal to (see [11, Lemma 4.2]). Using these properties of J 
we can prove the following 

Theorem 2.1. Let (S* x R, /i — (w — dt)^) be the conformal standard stationary 
spacetime associated by SRC to {S, R) and z{s) = {x{s), t(s)) : [0, 1] — > 5 x R &e the 
future pointing lightlike geodesic associated to the geodesic x{s) in {S,R). Then the 
points x{0) and x{l) are non-conjugate along x in [S, R) if and only if the points 
z{0) and z(l) are non-conjugate along z in {S x h — {u — dt)^). Moreover 



Since the Morse index of E at the geodesic x is equal to ^{x) (see [()]) and the 
Morse index of J at z is equal to iJ.{z), it is enough to prove the equality for the 
Morse indexes. To this end, we will show that the set Wx of continuous piecewise 
smooth vector field along x vanishing at x{0) and is isomorphic to the set of 
admissible variations Uz for J which is given by the continuous piecewice smooth 
vector fields U along z, vanishing at z(0) and z(l) and such that g{z, U) = (see 
[11]). Let us denote by 'Px{o),x(i){S) and £z(o),i{S x R) respectively the set of the 
continuous, piecewise smooth curve on S, parametrized on the interval [0, 1] and 
connecting a;(0) to x{l) and the set of the continuous, piecewise smooth, future 
pointing, lightlike curves on x R, parametrized on [0, 1] and connecting z(0) to 
?(R). Consider the map 



Recalling that the future pointing lightlike lift of a curve 7 in S has t component in 
5' X R given by (5), we immediately see that 4* maps 'Px{o),x{i){S) to £z{o),i{S x R). 

We are going to show that the isomorphism between Wx and Uz is given by 
^''(a;), where for each W € Wx, '^'{x)[W] is the vector field along z belonging to 
Uz defined as ^(* ° '^o){''', s)\r=o where (po = ipo{r,s): {—e,e) x [0,1] ^ S' is the 
variation of the geodesic x defined by W. Observe that, since x is a critical point 
of the length functional x R{x,x)ds, for any W G Wx there holds 



H{z) = fi{x). 



(7) 



Proof. Consider the energy functional of the Randers metric R 





{^'{x)[W]){0)^ir{x)[W])il) = 0. 



THE INDEX OF A GEODESIC IN A RANDERS SPACE 



5 



Let / be the functional defined in the same way as J 

f-i 

'dP(o-) \2x J 







ds 



but now a varies on the set of the continuous, piecewise smooth, future pointing 
curves, non necessarily lightlike, connecting z(0) to /(R). For any future pointing 
lightlike curve a{s) = (7(5), t(s)) we have 

J(a) ^ /(*(7)) ^ 2E{j) 

For any W G Wx^ x geodesic of {S, R), we have 

{^'{x)[W]){s)= (w{s)J^ {Rx{x,x)[W] + Ry{x,x)[W])ds^ , (8) 

hence ^'(x) is an injective map. 

Let (7(s) = {W{s),w{s)) G U^. We are going to show that 5''(a;)[iy] = U and 
hence ^''(2:) is also surjective. 

As U GUz, we have 



g{U,z) = O h{W,x) - {lo{W) -w)(oj{x) -i) = Q. 

■uj{W) 



Since z is lightlikc and future pointing uj{x) — t = —y^h{x, x) and thus 

h(W,x) 



\/Hx,x) 

From (8), since 2; is a critical point of E and W{Q) = 0, integrating by part the t 
component of the vector field 5''(a;)[VF] in (8) and using the Eulcr-Lagrange equa- 
tion satisfied by a;, we deduce that such a component is equal to 

Ryix,x)[W]^^^^^+cjiW) = w. 

Let (fi — Lp{r,s): (— e,e) x [0,1] A4 he a variation defined by the admissible 
variational vector field U = {W,w), and ipo — (po{r,s): (—£,£) x [0,1] Aio be 
the one defined by W, we have that 

= ^^(*(^o(r,-)))|_o = 2^E{Mr,-))\^^, = 2E'\xmW). 
By polarization, the above equality gives the thesis. □ 
3. The lack of twice differentiability of the energy functional 

WITH respect to THE _ff^-TOPOLOGY 

Let (M, F) be a Finsler manifold and p, q E M . Let Vl{M) be the Sobolev 
manifold of the absolutely continuous curves 7 : [0, 1] M, whose square of the 
norm, with respect to a fixed (and then to any) auxiliary Riemannian metric a 
on M, of the velocity is integrable. Let us denote by ^lp^q{M) the submanifold of 
r2(M) of the curves such that 7(0) = p, 7(1) = q (sec ["]). Let us consider the 
energy functional of F on r2p.g(Af): 

E: np.g{M) ^ M, E{j) = i / F2(7,7)ds 
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It is well known that E is C^'^ on ^p^q(M), [7]. 

We are going to show that if E is twice diffcrcntiable on rip.q(A/) at a regular 
curve 7 then is the square of the norm of a Riemannian metric along the curve. 

By regular curve we mean a curve 7 S flp^q{M) such that 7 7^ a. e. in [0, 1]. 

This fact was proved in [1] for the action funtional on Cl(M) of any time- 
dependent Lagrangian L : [0, 1] x TM — > R, i = L{t, q, v), which is on TM and 
which satisfies the following conditions: there exists a continuous positive function 
C = C{q) such that for any (i, q, v) e [0, 1] x TM: 

\\d,rMt.q.^)\\<C{q), 
\\d,,qL{t,q,v)\\ < C{q){l + Vaiv.v)), 
\\dggLit,q,v)\\ < C{q){l + aiv,v)). 

In this case the result is that the map 

veT^(^t)M^L{t,j{t),v) 

is a polynomial of degree at most two. Thus, in particular, the subquadratic and 
strongly convex in the velocities, time-independent, Lagrangians which are twice 
differentiable at any curve in n{M) are all and only of the type 

L{q, v) = hq{v, v) + ujq{v) + V{q), 

where h, to and V are respectively a Riemannian metric, a one-form and a function 
on M . Clearly the square of a Finsler metric satisfies the growth conditions above 
but it is only a C^'^ function on TM (it is on TM \ 0). Anyway, as we show 
below, the proof in [1] does not involve existence and continuity of the derivatives 
dvvL{t, g, v) for v = and then it extends also to the Finsler case. 

Before going into the details of the proof, we would like to point out what is the 
problem in trying to prove that E is twice differentiable in flp^q{AI) at a regular 
curve. To fix ideas, we assume that F is defined on an open subset U of K", 
F: TU R, U <Z M". Arguing as in [i. Proposition 2.2] gives that E is twice 
Gateaux differentiable in Qp^q{U) at any regular curve x and its second Gateaux 
differential is equal to 

D^E{x)[^,Tj] = 

= {dqqF^ix,i)[tv]+d,qF^{x,x)[i7j])ds 

1 

+ 2 J^{dquF^{x,x)[^,ii\)ds + d,,,F^{x,x)[tr,])ds. (9) 
The problem is the continuity of the map 

xenp^giU)^ f d.uvF^{x,x)[-,-]ds 

JO 

where the target space is the space of bounded bilinear operators on i?o ([0, 1],U). 
Namely we can prove that if a;„ — > a; in flp^q(U) then 

9™F^(x„,i„)[^,?7]ds — > / dvyF'^{x,x)[£_,r]]ds, as n — > 4-00, 

-'0 
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but wc cannot prove that the convergence is uniform with respect to ^ and ij in the 
unit baU of Hq{[0, 1],U), unless dwF^ is independent from v (and then is the 
square of the norm of a Ricniannian metric). In fact we have the foUowing 

Proposition 3.1. If the energy functional of a Finsler metric F is twice differen- 
tiable at a regular curve 7 € Qp,q(M) then for a. c. s G [0, 1] the function 

f €r^(,)M^F2(7(s),«), 

is a quadratic positive definite form. 

Proof. For simplicity and without loss of generality, wc prove the statement in the 
case where M is an open subset of M". Since 7 7^ a. e. on [0, 1], the thesis is 
equivalent to the fact that for almost every s G [0,1] there holds 

d,F\^{s),^{s) + v) - d,F\j{s),j{s)) - 9,„f2(7(s),7(s))H = 0, 

for all V e M". By contradiction we assume that there is a set of positive measure 
J C [0, 1] and two non-zero vectors v,w € M", and a positive number c such that 

d,F\^{s), 7(s) + v)- d,F\^{s), 7(s)) - d,,F\j{s), jis))[v]) ■ w > c, (10) 

For every e > smaller than the measure of J, choose a subset Je C J of measure 
e, in such a way that C Je' if e < e'. Define the following functions 



V.is)^v ix.it) ^e)dt, Us)^w {xe{t)'e)dt, 
Jo Jo 

where Xe is the characteristic function of J.. Observe that, for any e, the functions 
r7e,Ce belong to T^%,q{M) = Hl{[0, 1],M") and 

We can repeat the proof of Proposition 2.3 in [ I ] taking care only that the derivatives 
of T] and ^ are given by v{xe — e) and wixt — e) and the terms involving integrals 
of the type 

L 

{d,F^i-f + r/„ 7 + f],) ~ a.F2(7, 7 + ?7,) - dq,F''i-i, 7 + f^,)[i^,]) ■ (e w) ds 

belong to o(e) (such terms do not appear in [l] because the functions playing the role 
of r? and ^, not having to belong to ([0, 1], M"), are defined as 77(5) = v x>^{t)^t 
and C{s) ^ w Xe{t)dt). 

We point out that the non existence of the derivatives dyvF^iq,v) for y = 
does not affect this part of the proof since only the smoothness of dvF^iq,v) with 
respect to q is used. 

Thus as in [1] we can deduce 

/ {d,F^{j,j + 7%)~dyF^^,i)-dyyF\j,^)[r,,])-ids = oie), as e ^ 0. 
Jo 

(11) 
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The left-hand side of (11) is equal to 

/ (a.F^ (7, 7 + 7), ) - d,,F^ (7,7)- a™ (7, 7) [77,] )-{xeW- ew)ds = 
= ^ (a„F2(7,7+ (1 - e)v) - 9„F2(7,7) - 9^^2(7, 7)[(1 - e)v]) ■ wds 

+ f {d^F^{j,^ + r,,)-d,F\j,j)-d,,F\j,j)[r,e]) ' {^w)ds (12) 

Since a. e. as e — > 0, by the Lebesgue's dominated convergence theorem, 

the absolute value of the second integral in the right-hand side of (12) is less than 
e\w\oil). 

Therefore, putting together (11) and (12), we have 

J {d,F\-,,j+{l~e)vyd^F^ij,jyd,,F\j,j)[il~e)v])-wds = o(e), as e ^ 0. 

(13) 

By (10) and the continuity of the map 

V e R" ^ (^d.,F\j{s),^{s)+v)-d,F\j{s),j{s))-d,„F\^{s),j{s))[v]yw 
the integral in (13) is larger than ce, for e small enough, giving a contradiction. □ 

References 

[1] A. Abbondandolo and M. Schwarz, a smooth pseudo-gradient for the Lagrangian action 
functional, arXiv:0812.4364vl [math.DS], 2008. 

[2] E. Caponio, M. a. Javaloyes, and a. Masiello, On the energy functional on Finsler man- 
ifolds and applications to stationary spacetimes, arXiv:math/0702323v3 [math.DG], 2008. 

[3] E. Caponio, M. A. Javaloyes, and A. Masiello, Morse theory of causal geodesies in a 
stationary spacetime via morse theory of geodesies of a Finsler metric, arXiv:0903.3519v2 
[math.DG], 2009. 

[4] E. Caponio, M. A. Javaloyes, and M. Sanchez, On the interplay between Lorentzian 
causality and Finsler metrics of Randers type, arXiv:0903.3501vl [math.DG], 2009. 

[5] W. Klingenberg, Riemannian Geometry, dc Gruytcr Studies in Mathematics, Waher de 
Gruyter & Co., BerUn, 1982. 

[6] M. Matsumoto, Foundations of Finsler Geometry and Special Finsler Spaces, Kaiseisha 
Press, Shigaken, 1986. 

[7] F. Mercuri, The critical points theory for the closed geodesies problem. Math. Z., 156 (1977), 
pp. 231-245. 

[8] E. MiNGUZZi and M. Sanchez, The causal hierarchy of spacetimes, in Recent developments 
in pseudo-Riemannian geometry, ESI Lect. Math. Phys., Eur. Math. Soc, Ziirich, 2008, 
pp. 299-358. 

[9] B. O'Neill, Semi- Riemannian geometry. Pure and AppHed Mathematics, Academic Press 
Inc., New York, 1983. 

[10] Z. Shen, Lectures on Finsler geometry. World Scientific Publishing Co., Singapore, 2001. 
[11] K. Uhlenbeck, a Morse theory for geodesies on a Lorentz manifold.. Topology, 14 (1975), 
pp. 69-90. 

[12] R,. M. Wald, General Relativity, The University of Chicago Press, Chicago-London, 1984. 

DiPARTiMENTO Di Matematica, Politecnico di Bari, Via Orabona 4, 70125, Bar:, Italy 
E-mail address: caponioapoliba. it 



